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Abstract In this paper we introduce the modified time-dependent damped harmonic oscil-
lator. An exact solution of the wave function for both Schrödinger picture and coherent state
representation are given. The linear and quadratic invariants are also discussed and the cor-
responding eigenvalues and eigenfunctions are calculated. The Hamiltonian is transformed
to SU(1,1) Lie algebra and an application to the generalized coherent state is discussed. It
has been shown that when the system is under critical damping case the maximum squeezing
is observed in the first quadrature Fx . However, for the overcritical damping case the maxi-
mum squeezing occurs in the second quadrature Fy . Also it has been shown that the system
for both cases is sensitive to the variation in the coherent state phase.

Keywords Wave function · Constants of the motion · Squeezing phenomenon

1 Introduction

In the present communication we reconsider the problem of time-dependent harmonic os-
cillator which has been extensively studied in the mid of the last century, see for example
[1–12]. The question which may arise why one comes back to study one of the old problem
and try to resurrect it. The answer is not just a matter to reconsider certain problem and
try to recover some of the gaps in it. In fact this particular problem (here we refer to the
time-dependent harmonic oscillator) has opened the door to consider different aspects in
the classical as well as in the quantum mechanics. For instance, the existence of the time-
dependent mass in the harmonic oscillator leads to the appearance of the second harmonic
generation, and consequently the system turned to degenerate parametric amplifier model
[13–15]. Also, the realization of the group symmetry in this system gives us the oppor-
tunity to consider the Lie algebraic treatment of such problem [16–19]. Furthermore, the
observation of the nonclassical phenomena in the laboratory and particularly the squeezing
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phenomenon and its connection to the second harmonic generation encouraged us to go back
to the problem. There is no doubt the appearance of the second harmonic generation would
lead us to think of the nonclassical properties for such system. Therefore, as apart of our
duty in this context is to discuss the squeezing phenomenon, however, from point of view of
the Lie Algebra, SU(1,1) [20–22]. Here we may refer to the previous works for the problem
of quantizing the damped motion of a particle in a quadratic field. The problem is usually
deal with an oscillator with constant mass and stiffness placed in the presence of a dissipa-
tive force F = −γ Ẋ, where γ being constant. In addition, there exists a substantial body
of work concerning the study of a classical, undamped harmonic oscillator with arbitrary
dependence in its parameters, see for example [1–3, 23, 24]. In the present work we aim at
unifying these views in order to provide a treatment of a quantal oscillator in the presence of
a dissipation mechanism, in the most general situation in which the mass is time-dependent.
Our consideration will be extended to include the time-dependent driving force which acts
on the Hamiltonian model, see for example [11, 12, 25, 26]. In what follows we concentrate
on a particular time-dependent mass law which is given by

M(t) = m exp
[
−2

√
ω2t2 + δ2

]
, (1.1)

where the time-dependent mass reflects the modified damped harmonic oscillator [24]. In
the above equation we assume that the mass is decaying with a factor equal to the system
frequency ω (say). This in fact pushed us to add the shifted parameter δ that to avoid the
critical decaying case. The Hamiltonian for a linear oscillator with time-dependent mass
spring constant is given by

Ĥ (t) = P̂ 2

2M(t)
+ 1

2
ω2M(t)Q̂2, (1.2)

where P̂ and Q̂ are the dynamical operators which represent the dimension of momentum
and coordinates, respectively and satisfy the commutation relation [Q̂, P̂ ] = i�. ω is the
frequency of the system and M(t) is a time-dependent mass. In presence of an external
driving force, the Hamiltonian (1.2) can be written thus

Ĥ (t) = P̂ 2

2M(t)
+ 1

2
ω2M(t)Q̂2 + E(t)Q̂, (1.3)

where E(t) is any time-dependent function which usually represents the electric field [27,
28]. In our study we handle the problem from quantum mechanics point of view that to fill
the gap of the previous work, more precisely the nonclassical effect. In the meantime we
extend our interest to include the wave function in both non-stationary number and coherent
states. Moreover, we seek the constants of the motion where we introduce the linear and
the quadratic invariants. Also, as a relationship between the time-dependent system and the
Lie algebra, we introduce the solution for the equations of motion in terms of SU(1,1) Lie
algebra generators. This gives us an advantage to discuss the phenomenon of squeezing in
terms of the Perelomov SU(1,1) coherent state. Therefore the paper is organized as follows:
In Sect. 2 we give the explicit expression of the wave function in Schrödinger picture as well
as in the coherent state representation. Section 3 is devoted to introduce the accurate def-
inition of the creation and annihilation operators from which the Hamiltonian (1.3) can be
diagonalized. In Sect. 4 we introduce the constants of motion (linear and quadratic invari-
ants) and obtain their eigenvalues and the corresponding eigenfunctions. Finally in Sect. 5
we give an application for the present system by discussing the phenomenon of squeezing
from the Perelomov coherent state point of view. Our conclusion is given in Sect. 6.
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2 The Wave Function

As we have stated before one of our task is to calculate the wave function in the Schrödinger
picture and to calculate the corresponding coherent state. For this reason we devote the
present section to obtain the exact expression of the wave function in the number state and
in the coherent state.

2.1 Schrödinger Picture

To find the wave function in the number state representation we make our starting point
the canonical transformation, Q̂ = √

m/M(t)q̂ and P̂ = √
M(t)/mp̂, with the properties

[Q̂, P̂ ] = [q̂, p̂] = i�. This means that we have to rewrite the Hamiltonian (1.3) in the form

Ĥ (t) = p̂2

2m
+ 1

2
mω2q̂2 + �(t)

2

(
p̂q̂ + q̂p̂

) + Ē(t)q̂, (2.1)

where �(t) = d(ln
√

M(t))/dt and Ē(t) = E(t) exp[−√
ω2t2 + δ2]. The time-dependent

Schrödinger equation is given by

Ĥ (t)ψ(q, t) = i�
∂

∂t
ψ(q, t). (2.2)

Now if we substitute (2.1) into (2.2) then the wave function takes the form

∂2ψ

∂q2
− m2ω2

�2
q2ψ + im�(t)

�

(
2q

∂ψ

∂q
+ ψ

)
− 2m

�2
Ē(t)qψ = −2im

�

∂ψ

∂t
. (2.3)

Furthermore, if one makes the substitution

q̂ = x + ζ(t), ψ(q, t) ≡ η(x, t), dψ = dη, (2.4)

where the function ζ(t) is suitably chosen, then

∂η

∂x
= ∂ψ

∂q
,

∂ψ

∂t
= ∂η

∂t
− ζ̇

∂η

∂x
,

∂2ψ

∂q2
= ∂2η

∂x2
(2.5)

and consequently (2.3) reduces to the form

∂2η

∂x2
− m

�2

[
2Ē (x + ζ ) + mω2 (x + ζ )2

]
η + im�(t)

�

(
2 (x + ζ )

∂

∂x
+ 1

)
η − 2im

�
ζ̇

∂η

∂x

= −2im

�

∂η

∂t
. (2.6)

Moreover, we use the transformation

η(x, t) = 
(y, t), y = u(t)x and u(t) = 1

|R(t)| , (2.7)

where we define R(t) = (λ coshφ(t) − i sinhφ(t)), φ(t) = 1
2 tanh−1( �(t)

ω
) and λ =√

(δ − 1
2 )/(δ + 1

2 ).
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In this case (2.6) can be written as follows

∂2


∂y2
− m

�2u4

(
2uĒ (y + uζ) + mω2 (y + uζ)2

)



+ 2im

�u

(
�(t)

u
(y + uζ) − ζ̇ + u̇

u2
y

)
∂


∂y

= − im

�u2

(
2
∂


∂t
+ �(t)


)
. (2.8)

Now we seek a separation of the form


 = Y (y)T (t) exp

[
− im

2�

(
V (t)y2 + 2W(t)y

)]
, (2.9)

where V (t) and W(t) are time-dependent functions given by

V (t) = �(t)u + u̇

u3
, and W(t) = �(t)ζ − ζ̇

u(t)
. (2.10)

Substituting (2.9) and (2.10) into (2.8) and after some calculations we can simplify the
result to take the form

1

Y

d2Y

dy2
+ m2ω2

�2

(
V̇ (t)

ω2u2
+ V 2(t)

ω2
− 1

u4

)
y2

− 2m

�2u

(
Ē + mω2ζ

u2
− mẆ

u
− muV (t)W(t)

)
y

= −2im

�u2

(
1

T

dT

dt
+ �(t) − V (t)u2

2

)

+ m2

�2u2

(
2
Ē

m
ζ + ω2ζ 2 − u2W 2(t)

)
. (2.11)

To complete the separation of the variable we choose ζ(t) to make the coefficient of y in
(2.11) vanishes. Simple calculations lead us to have the driven linear equation for ζ(t), thus

ζ̈ + (
ω2 − �̇(t) − �2(t)

)
ζ = − Ē

m
. (2.12)

Using the fact that

V̇ + (
V 2 + λ2ω2

)
u2 = ω2

u2
, (2.13)

the wave function (2.11) separates to

1

Y

d2Y

dy2
− m2ω2λ2

�2
y2 = −2im

�
|R(t)|2

(
1

T

dT

dt
− 1

2u

du

dt

)

+ m2

�2
|R(t)|2

(
2
Ē

m
ζ + ω2ζ 2 − (

�(t)ζ − ζ̇
)2

)
. (2.14)
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After a straightforward calculation we find, with K a constant of separation

d2Y

dy2
+

(
K − m2ω2λ2

�2
y2

)
Y = 0, (2.15)

1

T

dT

dt
− 1

2u

du

dt
+

[
i�K

2m |R(t)|2 + im

2�

(
2E

m
ζ + ω2ζ 2 − W 2(t)

|R(t)|2
)]

= 0. (2.16)

Equation (2.15) is ordinary differential equation for the harmonic oscillator and requires
the quantization

K = mωλ

�
(2n + 1) n = 0,1,2, . . . (2.17)

Therefore (2.9) may be written as


(y, t) = N√|R(t)|Hn

[√
mωλ

�
y

]
exp

[
−mωλ

2�
y2

]

× exp

[
− im

2�

(
V (t)y2 + 2W(t)y

)]

× exp

[
−iωλ

(
n + 1

2

)∫ t

0
|R(t)|−2 dt + I (t)

]
, (2.18)

where N is the normalization constant and

I (t) =
∫ t

0

{
ζ(t)

[
2Ē

m
+ ω2ζ(t)

]
− W 2(t)

|R(t)|2
}
dt. (2.19)

Thus the wave function in its final form is

ψn(q, t) =
(

mωλ

π�|R(t)|2
) 1

4

(n!)− 1
2 2− n

2 Hn

(√
mωλ

�|R(t)|2 (q − ζ(t))

)

× exp

[
− m

2�

(
(ωλ + iV (t))

|R(t)|2 (q − ζ(t))2 + 2iW(t)

|R(t)| (q − ζ(t))

)]

× exp

[
−iω

(
n + 1

2

)(
β sinh−1

(
ωt

δ

)
− tan−1

(
tanhφ

λ

))
− im

2�
I (t)

]
, (2.20)

where β =
√

δ2 − 1
4 . It should be noted that the solution we have obtained is only valid

within the interval δε(−∞,− 1
2 ) ∪ ( 1

2 ,∞) where the under critical damping case occurred.

2.2 The coherent state representation

To obtain the wave function in the coherent state representation we have to use the effect of
the Glauber displacement operator on the vacuum state D̂(α)|0〉 = exp(Â†α − Âα∗)|0〉, viz

|α〉 = exp

(
−1

2
|α|2

) ∞∑
n=0

αn

√
n! |n〉. (2.21)
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Therefore, if one uses (2.20) and (2.21) thus we obtain

ψα(q, t) =
(

mωλ

π�|R(t)|2
) 1

4

exp

(√
2mωλ

�

(q − ζ(t))

|R(t)| α(t)

)

× exp

[
− m

2�

(
(ωλ + iV (t))

|R(t)|2 (q − ζ(t))2 + 2iW(t)

|R(t)| (q − ζ(t))

)]

× exp

[
−1

2

(
α2(t) + |α|2 + im

�
I (t)

)]
, (2.22)

where we have dropped the zero point energy and defined

α(t) = α(0) exp

[
−iω

(
β sinh−1

(
ωt

δ

)
− tan−1

(
tanhφ

λ

))]
. (2.23)

As a special case if we take the driving force Ē = 0, then (2.22) reduces to

ψα(q, t) =
(

mωλ

π� |R(t)|2
) 1

4

exp

[
− mω

2�|R(t)|2
(

λ + i

2
(λ2 + 1) sinh 2φ

)
q2

]

× exp

(
−1

2
|α|2

) ∞∑
n=0

αn(t)

n! 2−n/2Hn

(√
mωλ

�|R(t)|2 q

)

× exp

[
in tan−1

(
tanhφ

λ

)]
, (2.24)

where the parameter α(t) in this case becomes

α(t) = α(0) exp

[
−iω

(
β sinh−1

(
ωt

δ

))]
. (2.25)

In what follows we shall turn our attention to diagonalize the Hamiltonian model (2.1)
using the result obtained in this section.

3 The Diagonalized Hamiltonian

In order to diagonalize the Hamiltonian model (2.1) we have to introduce a new definition
of the boson operator. To achieve this goal one has to differentiate the wave function in
the coherent state equation (2.22) or (2.24) in absence of the driving force. In presence of
the driving force case and after rearrangement of the definition of the coherent state, the
annihilation operator takes the form

Â(t) (2mωλ�)
1
2 = [

mω
(
J ∗(t)q̂(t) + iK(t)

) + iR(t)p̂(t)
]
, (3.1)

where Â(t) with its adjoint satisfy the commutation relation [Â(t), Â†(t)] = 1. In (3.1) we
have used the abbreviations

K(t) = 1

mω

∫ t

0
Ē(τ )R(τ) exp [i (θ(τ ) − θ(t))]dτ,
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J (t) = (coshφ(t) − iλ sinhφ(t)) , and θ(t) = β sinh−1

(
ωt

δ

)
. (3.2)

We now substitute the operator Â(t) with its complex conjugate into the Hamiltonian
(2.1), thus we have

Ĥ (t)

�
= �

2λ

(
λ2 + 1

)(
Â†(t)Â(t) + 1

2

)
+ �

4λ

(
λ2 − 1

)(
Â2(t) + Â†2(t)

)

+ i�

2λ

√
mω

2λ�

[{
(1 + λ2)K∗(t) + (1 − λ2)K(t)

}
Â(t)

− {
(1 − λ2)K∗(t) + (1 + λ2)K(t)

}
Â†(t)

]

+ mω�

8�λ2

[(
K(t) + K∗(t)

)2 + λ2
(

K(t) − K∗(t)
)2

]

+ Ē(t)

[
(2m�ωλ)− 1

2

(
Â(t)R∗ + Â†(t)R

)

− i

2λ�

(
K(t)R∗ − K∗(t)R

)]
. (3.3)

Since the operator (3.1) is explicitly time-dependent, therefore we have to add the first
derivative of the generating function F2(Â(t), Â†(t), t) (say) into the Hamiltonian (3.3). In
this case and after straightforward calculation the first derivative of the generating function
takes the form

∂F2

∂t
= φ̇(t)

(1 − λ2)

2λ

(
Â†(t)Â(t) + 1

2

)
− φ̇(t)

(1 + λ2)

4λ

(
Â2(t) + Â†2(t)

)

− i

2λ

√
mω

2λ�

[
φ̇(t)K∗(t)(1 + λ2) + φ̇(t)K(t)(1 − λ2) − 2iλK̇(t)

]
Â†(t)

+ i

2λ

√
mω

2λ�

[
φ̇(t)K(t)(1 + λ2) + φ̇(t)K∗(t)(1 − λ2) + 2iλK̇∗(t)

]
Â(t). (3.4)

From (3.3) and (3.4) we can obtain the diagonalized Hamiltonian thus

Ĥ(t)

�
=

(
β�(t)

δ

)(
Â†(t)Â(t) + 1

2

)

+ i

√
mω

2λ�

[(
β�(t)

δ

)(
K∗(t)Â(t) − K(t)Â†(t)

)]
,

+mω�

8�λ2

[(
K(t) + K∗(t)

)2 + λ2
(

K(t) − K∗(t)
)2

]

− i

2λ�
Ē(t)

(
K(t)R∗ − K∗(t)R

)
. (3.5)

Here we may point out that if one wishes to solve the equations of motion in the Heisen-
berg picture. Then the terms free from any dynamical operators in the above equation can
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be dropped without loss of generality. In absence of the external force Ē(t), (3.5) reduces to

Ĥ(t)/� =
(

β�(t)

δ

)(
Â†(t)Â(t) + 1

2

)
(3.6)

which represents the usual simple harmonic motion with time-dependent frequency
β�(t)/δ.

4 Constants of the Motion

The use of explicitly time-dependent invariants in applications of quantum theory has re-
ceived little attention. Presumably, the reason for this lack of attention has been the dearth
of examples in which the use of such quantities was both possible and fruitful. However, a
class of exact invariants for time-dependent harmonic oscillators, both classical and quan-
tum, was reported [29–31]. The simplicity of the rules for constructing these invariants and
the instructive relation of the invariant theory have stimulated an interest in using the invari-
ants for solving some explicit quantum-mechanical problems. In what follows we introduce
the constants of motion for the Hamiltonian (2.1) in absence of the driving force [32–35].
Consequently we calculate the eigenvalues and corresponding eigenfunctions of these in-
variants [36, 37].

4.1 Linear Invariants

We begin by seeking a first-degree invariant [32, 33]

Î (t) = ν(t)q̂ + μ(t)p̂. (4.1)

We require

dÎ

dt
= ∂Î

∂t
+ 1

i�

[
Î , Ĥ

]
= 0, (4.2)

where Ĥ is the Hamiltonian given by (2.1). From which we see ν(t) and μ(t) must satisfy

dμ

dt
= μ�(t) − 1

m
ν,

dν

dt
= mω2μ − ν�(t). (4.3)

In order to find the solution for these equations we eliminate either μ(t) or ν(t) to have
uncoupled second order differential equation, thus

d2ν

dt2
+ (ω2 + �̇(t) − �2(t))ν = 0,

d2μ

dt2
+ (ω2 − �2 − �̇)μ = 0, (4.4)

where over dot indicates to the first derivative. The exact solution for these equations are

ν(t) = ν(0)f1(t) + mωμ(0)g1(t), μ(t) = μ(0)f2(t) + 1

mω
ν(0)g2(t), (4.5)

where fi(t) and gi(t), i = 1,2 are given by

f1(t) = (cos θ(t) coshφ(t) − λ sin θ(t) sinhφ(t)) ,
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g1(t) =
(

cos θ(t) sinhφ(t) + 1

λ
sin θ(t) coshφ(t)

)
,

(4.6)
f2(t) =

(
cos θ(t) coshφ(t) + 1

λ
sin θ(t) sinhφ(t)

)
,

g2(t) = (cos θ(t) sinhφ(t) − λ sin θ(t) coshφ(t)) .

In this case we are able to construct two class of invariants

Î (p) = m(μ� − μ̇)q̂ + μp̂, and Î (q)(t) = 1

mω2
(ν̇ + ν�(t))p̂ + νq̂. (4.7)

In the following subsection we turn our attention to construct another different classes of
the quadratic invariants.

4.2 Quadratic Invariants

In a similar way we seek a second-degree invariant

Î (t) = α1(t)q̂
2 + β1(t)p̂

2 + γ1(t)q̂p̂. (4.8)

From (2.1) and (4.8) together with (4.2) we have

dα1

dt
+ 2α1� = γ1mω2,

dβ1

dt
− 2�β1 = − 1

m
γ1,

dγ1

dt
= −2α1

m
+ 2mω2β1. (4.9)

Now if we use the fact that β1α1 = γ 2
1 /4 + C0 where C0 is a constant and set α1 = σ 2,

then after simple algebra we obtain the nonlinear differential equation

σ̈ + (ω2 − �2(t) + �̇(t))σ = m2ω4

σ 3
C0, (4.10)

which is of the Pinney equation form with solution

σ = (ax2
1 + bx2

2 + 2cx1x2)
1
2 , (4.11)

where x1(t) and x2(t) are linearly independent solutions of the homogeneous equation

ẍ + (ω2 + �̇(t) − �2(t))x = 0. (4.12)

The quantity a, b, and c are arbitrary constants subject to the condition ab − c2 =
(1/w1)

2, where w1 is the Wronskian of the solutions x1 and x2 such that

w1 = x1ẋ2 − ẋ1x2. (4.13)

The first class of the quadratic invariant may therefore be expressed in the form

Î (q)(t) =
[
σ q̂ + 1

mω2◦
(σ̇ + σ�(t))p̂

]2

+ C0

σ 2
p̂2. (4.14)

Similar procedure leads to the second family of invariants. In this case if we write β1 = ρ2

and eliminating α1 from (4.9), this gives us the Pinney equation

ρ̈ + (ω2 − �̇(t) − �2(t))ρ = C1

m2ρ3
, (4.15)
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and consequently the second class of the invariant can be expressed in the form

Î (p)(t) = C1

ρ2
q̂2 + [

ρp̂ + m(ρ�(t) − ρ̇)q̂
]2

. (4.16)

4.2.1 The Eigenfunctions of the Invariants

We now turn our attention to find the eigenfunctions and the corresponding eigenvalues of
the operator Î (t), however, we start with its eigenstates [36, 37]. The eigenstates of the
invariant operator Î (t) may be found by an operator technique that is completely analogous
to the method introduced by Dirac for diagonalizing the Hamiltonian. In this case we define
time-dependent canonical lowering and raising operators B̂ and B̂† by the relations

B̂ = (2�

√
C0)

− 1
2

[(√
C0

σ
− i

mω2
(σ̇ + σ�(t))

)
p̂ − iσ q̂

]
,

B̂† = (2�

√
C0)

− 1
2

[(√
C0

σ
+ i

mω2
(σ̇ + σ�(t))

)
p̂ + iσ q̂

]
.

(4.17)

These operators satisfy the canonical commutation rule [B̂(t), B̂†(t)] = 1. So that the
operator B̂†B̂ is a number operator with non-negative integer eigenvalues. The invariant
operator given by (4.14) can be written in terms of the operators B̂(t) and B̂†(t) as

Î (q) = 2�

√
C0

(
B̂†(t)B̂(t) + 1

2

)
, (4.18)

and its eigenstates can be obtained from the coherent state exp(βB̂† −β∗B̂)|0〉 = |β〉 which
has the property B̂(t)|β〉 = β(t)|β〉, where β is a complex parameter. Similarly, we can
define another pair of lowering and raising operators D̂ and D̂† corresponding to the second
constant of the motion Î (p) such that

D̂ = (2�

√
C1)

− 1
2

[(√
C1

ρ
+ im(ρ�(t) − ρ̇)

)
q̂ + iρp̂)

]
,

D̂† = (2�

√
C1)

− 1
2

[(√
C1

ρ
− im(ρ�(t) − ρ̇)

)
q̂ − iρp̂)

]
.

(4.19)

Since these operators satisfy the relation [D̂(t), D̂†(t)] = 1, therefore the invariant oper-
ator in this case becomes

Î (p) = 2�

√
C1

(
D̂†(t)D̂(t) + 1

2

)
, (4.20)

and the eigenstates can also be obtained from the coherent state exp(γ D̂† − γ ∗D̂)|0〉 = |γ 〉,
where γ is complex parameter. To find the eigenfunctions and the corresponding eigenvalue
for the constants of the motion Î (q) and Î (p) we have to employ the lowering operators B̂

and D̂. In this case the wave function in the number state corresponding to the operator B̂

in terms of the momentum is given by

�s(p, t) =
( √

C0

π�σ 2

) 1
4 2−s/2

√
s! Hs

(√√
C0

�σ 2
p

)
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×
(

− 1

2�

[√
C0

σ 2
− 1

mω2

(
�(t) + d lnσ

dt

)]
p2

)
, (4.21)

where Hs(.) stands for the Hermite polynomial. Alternatively, the wave function correspond-
ing to the coherent state |β〉 can be written thus

�β(p, t) =
( √

C0

π�σ 2

) 1
4

exp

(
−1

2
(|β|2 + β2(t))

)

× exp

(
− 1

2�

[√
C0

σ 2
− 1

mω2

(
�(t) + d lnσ

dt

)]
p2 + β(t)

√
2
√

C0

�σ 2
p

)
. (4.22)

For the second constant of motion the wave function in Schrödinger picture can be written
in terms of the coordinate as follows

�r(q, t) =
( √

C1

�πρ2

) 1
4

2− n
2

1√
r!Hr

(√√
C1

�ρ2
q

)

× exp

(
− 1

2�

[√
C1

ρ2
+ im

(
�̃ − d lnρ

dt

)]
q2

)
, (4.23)

and the wave function corresponding to the coherent state |γ 〉 is of the form

�γ (q, t) =
( √

C1

�πρ2

) 1
4

exp

(
−1

2

(|γ |2 + γ 2(t)
))

× exp

(
− 1

2�

[√
C1

ρ2
+ im

(
�̃ − d lnρ

dt

)]
q2 + γ (t)

√
2
√

C1

�ρ2
q

)
. (4.24)

It should be noted that the above results can be used to calculate the Green’s function and
also to consider the remote past as well as the remote future. However, this is not the aim of
the present paper. In the next section we discuss the nonclassical properties for the present
model from SU(1,1) Casimir operators point of view.

5 Application of SU(1,1) Casimir Operator

It is well known that Lie algebra was used by many researchers to investigate the nonclassi-
cal properties of light in quantum-optical systems. They have considered the squeezed states
of photons in terms of SU(1,1) and SU(2) Lie algebras and the coherent states associated
with these algebras, see for example [38–41]. The squeezed vacuum state is a special case
of the Perelomov SU(1,1) coherent state [42, 43], whereas the atomic coherent state (or the
Bloch state) is associated with SU(2) Lie algebra [44, 45]. The linear dissipative processes
in quantum optical systems can be also studied with SU(1,1) Lie algebra in the framework
of the Liouville space formulation [46, 47]. Furthermore, beam splitters [48–50] interfer-
ometers [51], and linear directional couplers [52, 53] are successfully described by SU(2)

Lie algebra. In these studies the Baker-Campbell-Hausdorff formulas are useful, where in
many cases the quantities to be calculated are exponential functions of the generators of the
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Lie algebras. Since the main purpose of the present section is to discuss the nonclassical
properties of the present system from Lie algebra point of view, we are therefore begin by
introducing operators K± and Kz, which satisfy the commutation relations:

[
K−,K+

] = 2σ̃Kz,
[
Kz,K±

] = ±K±, (5.1)

where σ̃ = ±1. When σ̃ = 1,K+,Kz, and K− become the generators of the SU(1,1) Lie al-
gebra, and when σ̃ = −1,K+,Kz, and K− become the generators of the SU(2) Lie algebra.
The Casimir operator is given by

K2 = K2
z − σ̃

1
2 (K+K− + K−K+), (5.2)

which satisfies
[
K2,K±

] = [
K2,Kz

] = 0. (5.3)

In what follows we consider the discrete representation of the SU(1,1) Lie algebra and
use the state vectors that satisfy

K2|m̄; k〉 = k(k − 1)|m̄; k〉, Kz|m̄; k〉 = (m̄ + k)|m̄; k〉,
K+|m̄; k〉 = [(m̄ + 1) (m̄ + 2k)]

1
2 |m̄ + 1; k〉, (5.4)

K−|m̄; k〉 = [m̄ (m̄ + 2k − 1)]
1
2 |m̄ − 1; k〉,

where K−|0; m̄〉 = 0. Here, k is the Bargmann index and m̄ is any nonnegative integer. We
would like to point out that the Bargmann index k is either 1

4 or 3
4 where in k = 1

4 the basis
for the irreducible unitary representation space is a set of states with an even boson number,
and for k = 3

4 the basis is a set of states with an odd boson number.

5.1 Casimir Operator and Nonclassical Properties

We now employ the Casimir operator to describe the Hamiltonian equation (2.1) in absence
of the driving force. To achieve our goal we substitute the operator â = (2mω�)− 1

2 (mωq +
ip) with its complex conjugate into the Hamiltonian model, where a and a† are boson anni-
hilation and creation operators satisfy the commutation relation [a, a†] = 1. In this case we
have

Ĥ

�
= ω

(
â†â + 1

2

)
− i�(t)

2

(
â2 − â†2

)
. (5.5)

Now let us use the SU(1,1) Lie algebra generators to describe the boson annihilation and
creation operators. For a single mode bosonic representation the generators K̂+, K̂−, and K̂z

are expressed as

K̂+ = 1

2

(
â†

)2
, K̂− = 1

2
â2, K̂z = 1

2

(
â†â + 1

2

)
. (5.6)

Therefore the Hamiltonian given by (5.5) takes the form

Ĥ /� = 2ω◦K̂z − i�(t)(K̂− − K̂+). (5.7)
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Since we are concern with the nonclassical properties, more precisely with the squeezing
phenomenon. Therefore it will be more convenient for us to use the generators K̂x, K̂y and
K̂z, where K̂x = 1

2 (K̂+ + K̂−) and K̂y = 1
2i

(K̂+ − K̂−) which satisfy the commutation rules

[
K̂x, K̂y

]
= −iK̂z,

[
K̂y, K̂z

]
= iK̂x,

[
K̂z, K̂x

]
= iK̂y. (5.8)

Then the equations of motion in the Heisenberg picture are

dK̂x

dt
= −2ωK̂y + 2�(t)K̂z,

dK̂y

dt
= 2ωK̂x,

dK̂z

dt
= 2�(t)K̂x. (5.9)

After some manipulations the evolution of the operators{K̂x, K̂y, K̂z} can be written thus

⎛
⎝

K̂x (t)

K̂y (t)

K̂z (t)

⎞
⎠ =

⎛
⎝

f1 (t) −f2 (t) −f3 (t)

g1 (t) g2 (t) g3 (t)

h1 (t) h2 (t) h3 (t)

⎞
⎠

⎛
⎝

K̂x (0)

K̂y (0)

K̂z (0)

⎞
⎠ , (5.10)

where

f1 (t) =
(

cos 2θ(t) − 1

2β2
sin2 θ(t)

)
,

f2 (t) = δ

β
sin 2θ (t) , f3 (t) = δ

β2
sin2 θ (t) ,

g1 (t) = δ

β2

(
β sin 2θ (t) cosh 2φ (t) + sin2 θ (t) sinh 2φ (t)

)
,

g2 (t) =
(

cos 2θ (t) cosh 2φ (t) + 1

2β
sin 2θ (t) sinh 2φ (t)

)
,

(5.11)

g3 (t) =
(

1

2β
sin 2θ (t) cosh 2φ (t) +

[
1 + sin2 θ (t)

2β2

]
sinh 2φ (t)

)
,

h1 (t) = δ

β2

(
β sin 2θ (t) sinh 2φ (t) + sin2 θ (t) cosh 2φ (t)

)
,

h2 (t) =
(

cos 2θ (t) sinh 2φ (t) + 1

2β
sin 2θ (t) cosh 2φ (t)

)
,

h3 (t) =
(

1

2β
sin 2θ (t) sinh 2φ (t) +

[
1 + sin2 θ (t)

2β2

]
cosh 2φ (t)

)
.

The time-dependent arguments φ(t) and θ(t) are given by (2.7) and (3.2), respectively.

5.1.1 Squeezing Phenomenon

Having obtained the time-dependent dynamical operators K̂x , K̂y and K̂z, we are therefore
in position to discuss the phenomenon of squeezing. The associated Heisenberg uncertainty
relation regarding these operators is given by

〈(�K̂x)
2〉〈(�K̂y)

2〉 � 1

4

∣∣∣〈K̂z〉
∣∣∣
2

(5.12)
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where 〈(�K̂j )
2〉 = 〈K̂2

j 〉 − 〈K̂j 〉2.

To measure squeezing, we define the functions

Fj = 〈(� K̂j )
2〉 − 1

2

∣∣∣〈K̂z〉
∣∣∣ , j = x, y. (5.13)

Squeezing (reduction) in the fluctuation of K̂x or K̂y components occurs if Fx < 0
or Fy < 0, respectively, and the maximum squeezing is reached when 〈(� K̂x)

2〉 = 0 or
〈(� K̂y)

2〉 = 0. We now proceed by considering one type of SU(1,1) states, namely the
Perelomov SU(1,1) coherent state (PCS). The PCS is defined as

|ξ1; k〉 = (1 − |ξ1|2)k

∞∑
m̄=0

√
�̃(m̄ + 2k)

m̄!�̃(2k)
ξ m̄

1 |m̄; k〉, (5.14)

where

ξ1 = tanh

(
r

2

)
exp(−iϕ), |ξ1| ∈ (0,1), r ∈ (−∞,∞), ϕ ∈ (0,2π) (5.15)

and �̃ stands for the gamma function and k is the Bargmann index (where k(k − 1) is the
eigenvalue of the Casimir operator). For k = 1

4 and 3
4 , the PCS is the even and the odd parity

coherent state, respectively.

5.1.2 Evolution of the Squeezing in the PCS

There is no doubt PCS is special type of squeezed vacuum state [54], which is essentially
equivalent to the two-photon coherent state and processes most of the properties of the or-
dinary coherent states, such as a completeness relation and a reproducing kernel [55]. Also,
the PCS can be realized in the framework of the degenerate and nondegenerate parametric
amplifier [16–18]. The required quantities for discussing the behavior of Fx(.) or Fy(.) are
given by

〈(�Kx(t))
2〉 = k

2

[(
f
2
3(t) + e2iϕ

f
2
+(t) + e−2iϕ

f
2
−(t)

)
sinh2 r

]

+ kf+(t)f−(t)
(
1 + cosh2 r

) − k

2

(
eiϕ

f+(t) + e−iϕ
f−(t)

)
f3(t) sinh 2r,

〈(�Ky(t))
2〉 = k

2

[(
g

2
3(t) + e2iϕ

g
2
−(t) + e−2iϕ

g
2
+(t)

)
sinh2 r

]
(5.16)

+ kg+(t)g−(t)
(
1 + cosh2 r

) + k

2

(
eiϕ

g−(t) + e−iϕ
g+(t)

)
g3(t) sinh 2r,

〈Kz(t)〉 = k
[
eiϕ

h− (t) + e−iϕ
h+ (t)

]
sinh r + kh3 (t) cosh r,

where

f±(t) = 1

2
[f1(t) ± if2(t)] , g±(t) = 1

2
[g1(t) ± ig2(t)] ,

h±(t) = 1

2
[h1(t) ± ih2(t)] .

(5.17)
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Fig. 1 Fx against r with (a) ϕ = π
3 and (b) ϕ = π

4

From (5.16) it is evident that the quadrature variances 〈(�Kj(t))
2〉, j = x, y as well

as 〈Kz(t)〉 are always depend on the Bargmann index k. However, this does not affect the
phenomenon of squeezing.

At t = 0, (5.12), (5.13) and (5.16) lead to the following expressions

Fx(r,ϕ, t = 0) = 2k sinh2

(
r

2

)[
cos2 ϕ cosh2

(
r

2

)
− 1

2

]
,

Fy(r, ϕ, t = 0) = 2k sinh2

(
r

2

)[
sin2 ϕ cosh2

(
r

2

)
− 1

2

]
.

(5.18)

Therefore the condition for squeezing in the K̂x or K̂y component is Fx < 0 or Fy < 0,

1 + cos2 ϕ sinh2 r < cosh r, or 1 + sin2 ϕ sinh2 r < cosh r, (5.19)

respectively.
We now discuss the behavior of the functions Fx and Fy for t = 0 at fixed value of

the phase ϕ, such that ϕ = π/3. In this case we can observe the squeezing is occurred
in the quadrature Fx and absence from Fy provided we consider the squeeze parameter
r vary between 0 and 2. However, the phenomenon of squeezing disappeared from both
quadratures at ϕ = π/4. This means that the phase ϕ plays the crucial role to control the
squeezing in each quadrature, see Figs. 1a, b and 2a, b. It is also clear from (5.19) that for
ϕ = 0 there is no squeezing in the quadrature Fx but it occurs in the quadrature Fy and vice
versa. For ϕ = π/2 the squeezing occurs in the quadrature Fx and absence from the second
quadrature Fy. We can also examine the case in which ϕ = π/6 where the phenomenon
of squeezing can be seen in the quadrature Fy not in the quadrature Fx . This can be easily
deduced from (5.18).

Now we turn our attention to consider the case in which t > 0, this means that the fluctu-
ations in the system will take place. For this reason we have plotted some figures to display
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Fig. 2 Fy against r with (a) ϕ = π
6 and (b) ϕ = π

4

this behavior for fixed value of the squeeze parameter r = 1 and ω = 0.5. There are two
different cases we consider: the first case when we set δ = 50, corresponding to the un-
der critical damping case. The second case when we take δ = 0.25, corresponding to the
overcritical damping case. Our study will concentrate on the variation of the phase para-
meter ϕ where we discuss the cases in which ϕ = π/4,π/3,π/2 and 3π/4. In Fig. 3a we
have plotted the quadrature variances Fx (dash line ) and Fy (solid line) against the time for
ϕ = π/4 assuming that the system is under critical damping. In this case both quadratures
shown regular fluctuations for all period of the time and the phenomenon of squeezing is
observed in both quadratures Fx and Fy. Also we realized that the squeezing starts in the
first quadrature after onset of the interaction. This is in addition to an exchange between
both quadratures where several points of the intersection between them can be seen. Further
the maximum value of squeezing is occurred in the first quadrature Fx around ∼ −0.35 at
the time t ∼ 10.3. Similar behavior can be reported when we consider the case in which
ϕ = π/3, where the squeezing occurs in the first quadrature Fx faster than that the previ-
ous case. However, the second quadrature starts to show squeezing after a short period of the
time compare with case ϕ = π/4, see Fig. 3b. It is interesting to point out that as we increase
the value of the phase ϕ, the patterns of each quadrature is shifted and the maximum value
of squeezing occurs faster. This is clearly seen for the case in which ϕ = π/2 and 3π/4, see
Fig. 3c, d. The difference between these two cases is that: for ϕ = π/2, the phenomenon
of squeezing is firstly observed in the quadrature Fx after onset of the interaction. This is
followed with a period of an increase in the function corresponding to decreasing in the
second quadrature Fy. However, for ϕ = 3π/4 the squeezing starts in the second quadrature
Fy and the observation of an exchange between the two quadratures can also be reported.
It should be noted that for all the cases the maximum squeezing always occurs in the first
quadrature Fx round the value ∼ −0.35, however, there is a time difference between each
case. For example when we consider the case in which ϕ = π/3 the maximum squeezing
occurs at the time t ∼ 10 and for ϕ = π/2 it occurs at t = 9.5, while for ϕ = 3π/4 the time
is t ∼ 8.6. This means that an increase in the value of the phase angle leads the squeezing
faster to reach its maximum. We now turn our attention to consider the overcritical case in
which δε(− 1

2 , 1
2 ) − {0}. To do so we have plotted several figures to display this behavior
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Fig. 3 Fx (dash line) and Fy (solid line) against the time t with δ = 50, ω = 0.5 r = 1 and from left to right

(a) ϕ = π
4 , (b) ϕ = π

3 , (c) ϕ = π
2 and (d) ϕ = 3π

4

for fixed values of r = 1, δ = 0.25 and ω = 0.5. For example in Fig. 4a we exhibit the be-
havior of both quadratures Fx and Fy when ϕ = π/4. As one can see the phenomenon of
squeezing is observed in both quadratures where Fx is slightly decreasing its value to show
squeezing after onset of the interaction. However, the function backs again to increase its
value and the phenomenon of squeezing disappeared from the rest of the time. On the other
hand the quadrature Fy starts to show squeezing after a long period of the time compare
with the first quadrature Fx. It has also noted that the maximum squeezing is occurred in
the quadrature Fy around −0.75 at the time t ∼ 1.7. When we consider the case in which
ϕ = π/3 similar behavior to that of ϕ = π/4 can be reported. However, both quadratures
are slightly shifted and the amount of squeezing in the first quadrature Fx decreases while
the amount of squeezing in the second quadrature Fy increases, see Fig. 4b. For the case in
which ϕ = π/2 the same behavior can be seen as in the last two cases. For instance more
reduction in the amount of squeezing can be observed in the first quadrature Fx compare
with the previous case. This is corresponding to increasing in the amount of squeezing in
the second quadrature Fy , see Fig. 4c. When we examine the case in which ϕ = 3π/4, the
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Fig. 4 Fx (dash line) and Fy (solid line) against the time t with δ = 0.25, ω = 0.5, r = 1 and from left to

right (a) ϕ = π
4 , (b) ϕ = π

3 , (c) ϕ = π
2 and (d) ϕ = 3π

4

phenomenon of squeezing is observed in the second quadrature Fy for a long period of the
time while the squeezing entirely disappeared from the first quadrature Fx. Also it is noted
that the maximum squeezing in this case occurs at the time t ∼ 0.9 faster than that all the
previous cases, see Fig. 4d. Thus from the previous analysis we can conclude that for the
under critical damping case the system shown squeezing with periodic exchange between
the quadrature variances. However, for the overcritical damping case the squeezing is also
observed in both quadratures but without periodicity, which in fact reflects the nature of this
case.

Here we emphasis that the maximum squeezing is occurred in the first quadrature for the
undercritical damping case and in the second quadrature for the overcritical damping case.
Finally we would like to point out that although the uncertainty principal (5.12) is always
satisfied for all cases, however, the variation in the phase leads to the variation in its behav-
ior. This can be realized from Fig. 5a, b, c, d where we have considered the undercritical
damping case and plotted the functions Qi, i = 1,2,3,4 (corresponding to different values
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Fig. 5 Qi, i = 1,2,3,4 against the time t with δ = 50, ω = 0.5, r = 1, where (a) Q1 corrponds to ϕ = π
4 ,

(b) Q2 corrponds to ϕ = π
3 , (c) Q3 corrponds to ϕ = π

2 , (d) Q4 corrponds to ϕ = 3π
4

of the phase)

Qi = 〈(�K̂x)
2〉〈(�K̂y)

2〉 − 1

4

∣∣〈K̂z〉
∣∣2

, i = 1,2,3,4 (5.20)

against the time t , for fixed value of the other parameters. In the first figure, for ϕ = π/4
and π/3 we can see a regular fluctuations in the two functions with a slight shifting between
them. However, for ϕ = π/2 and 3π/4 we can also see regular fluctuations but with an
exchange between the two functions, see Fig. 5c, d.

6 Conclusion

In the previous sections of the present paper we introduced an alternative model of the
damped harmonic oscillator. The system is considered under the influence of an external
driving force. We dealt with the problem from quantum mechanics point of view where the
wave function for both number and coherent states are obtained. The linear and quadratic
invariants are also considered and two classes from each type is introduced. The eigenvalues
and the corresponding eigenfunctions are calculated for both number and coherent states
representation. Finally we treated the system from SU(1,1) Lie Algebra point view where
the Caismir operators are used to discuss the phenomenon of squeezing. It has been shown
that the phase angle of Perelomov SU(1,1) coherent state plays the crucial rule of control-
ling this phenomenon.
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